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ds for structural engineers

Post-Yield Stiffness Effects on Moment Redistribution in
Continuous Reinforced Concrete Beams

By Pedro Silva, Ph.D., PE.

einforced concrete (RC) beams
Rof the type shown in Figure 1
are commonly designed using
moment redistribution principles. RC
continuous beams or plane frames may
have any number of spans or boundary
restraints; the work presented in this ar-
ticle is for a simply supported, two-span,
continuous RC beam, but many of the
conclusions can be extrapolated to other
situations. In design, these continuous
members are typically assumed to dis-
play an elasto-plastic response, which
means that after yielding of the tension
steel any increase in stiffness due to
strain hardening is neglected. In reality,
beams subjected to large inelastic strain
levels may attain a significant post-yield
stiffness, which has a strong effect on the
moment redistfibution of continuous
RC beams.

Ifi' this article, the basics of moment
redistribution are discussed as a function
of curvature ductility capagity using finite
element subroutines. The author further
illustrates\the principles of moment redis-
tribution in the design of a two-span-RC
continuous beam, including the"p@tential
effects of post-yield stiffness.

Basics of Moment
Redistribution

Sections 8.4.1 and 8.4.3 of ACI 318-
05 state that the level of moment re-
distribution (MR) that is permitted in a
continuous RC beam is:

7.5% < MR=1000¢g,<20% Equation 1

where ¢, is the level of strain in the ex-
treme tension reinforcement. As such,
this strain must be at least 0.0075 be-
fore MR is permitted. The permissible
levels of MR defined by Equation I are
conservative, and results derived from
this study show that strain levels will in
many cases fall significantly below 0.005,
which violates the ACI 318-05 limit for
a tension-controlled design. Stipulated
by Equation 1, the amounts of MR that
can be allowed in the design of continu-
ous RC beams are only expressed as a
function of tensile strains. Because of its
generality, the work presented in this ar-
ticle will evaluate MR in RC structures
as a function of curvature ductility ca-
pacity. Previously the author has derived
an expression to obtain the curvature
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Figure 1:Byo-span continuousdpeam underuniform loads.

duetility, iy, as atuanction of tensile
strain. Thestelationships of MR in terms
of tensile strain and curvature ductility
are outlined in Figure 2.

Formulation of MR as a function of
curvature\ductility capacity is'presented
in terms of'the moment curvature (M-0)
relationshipshand dhe statically indet€r-
minate beam shown in Figure 3,which
is a simplified version for the armalysi$ of the
two-span beam shown in Figuze-4” The
beam is uniformly loaded/and is pinned
and fixedsat ends A and B, respectively.
Unde@r an,increasing load, the beam will
deform elastically up to yielding and then
plastically at end B.

For the nonlinear part of the analysis,
two released structures may be considered.
For Release 1 the beam is considered per-
fectly plastic at end B, and in Release 2
the beam can be considered restrained
by a plastic rotational spring with the
stiffness, B, idealized in terms of the
post-yield stiffness, 7; initial stiffness, £7;
and plastic hinge length as a function of
beam span length, AL.

Modeling the inelastic response of the
beam in terms of Release 1 follows the
elasto-plastic idealization presented in
Figure 3(a). The beam is assumed to begin

deforming plastically at end B when the
moment and curvature reach M, and
@, respectively. After this stage, the in-
cremental uniform applied load on the
beam will impose inelastic rotations and
curvaturesat support B. The amount of
MRethat{ghie beam can sustain is computed
as follows:
1

MR=1-———
1+34(u, 1)

Equation 2

Modeling the inelastic response of the
beam in terms of Release 2 follows the
bilinear M-¢ relationship presented in
Figure 3(a). The beam begins to deform
plastically at end B when the moment
and curvature reach M), and ¢, respec-
tively. After this stage, the beam develops
plastic rotations and curvatures that include
the post-yield stiffness and plastic hinge
length. Following similar steps, in Release
2 the amount of MR that the beam can
sustain is computed as follows:

1

MR=1-——
1+(32+7) (1, -1)

Equation 3

Equations 2 and 3 can be used to com-
pute the amount of MR that a beam can
sustain as a function of the plastic hinge
length, post-yield stiffness and curvature
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Figure 3: Basics of moment redistribution.

ductility capacity. Obviously, these principles
of MR capacity only apply to the beam geom-
etry presented in Figure 1.

The permissible levels of MR in two-span
continuous beams that correspond to the two
releases are depicted graphically ‘in\ Figure 4.
The post-yield_stiffness (r) ‘and plastic hinge
length (AE)thave a marked effectfon the MR
capacity of two-span continuous beams. It
is envisioned that this same observation will
also apply to other ¢ontinuous structures:
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Figure 4: Moment redistribution versus ductility.

Some other trends of the MR levels presented
i\ Figure 4 are as follows: (i) as the post-yield
stiffness ratio increases, so does MR; (it)\as the
plastic hinge length increases, so does MR;
(iii) the curve for 7=20.00 ahd A=0.01 follows
below' the permissible"MR curve compuged
based on\Eguation 1, and depicted i Higure
2.The next section presents-tie effects-chat
these'trends have on the dctual performance
of beams designed using MR principles.

Design and
Performance Evaluation

As discussed, the levels of MR that can be
achieved in continuous beams depend strictly
on the plastic rotation capacity of members
at plastic hinges. In this section, a design ex-
ample has been established to investigate the
effects that post-yield stiffness has on MR.

Reflecting the parameters of Table I,
design required a beam with the cross-section
dimensions and reinforcement layout shown
in Figure 5(a), which consists of 6-#5 (Grade
60) top and bottom bars. The moment-
curvature analysis for this section is presented
in Figure 5(b). The solid curve is the moment-
curvature section analysis that is used to
evaluate the performance of the two-span
continuous RC beam under Release 2 with
7=0.035. The dashed curve is for the same
evaluation under Release 1 with 7=0. It is im-
portant to emphasize that in current practice,
=0 is generally assumed for design.

From the moment-curvature analysis, the
curvature ductility capacity of the section is
nearly Py=6.5. From Figure 2(b) this ductility
capacity translates into a MR capacity of
15.7%. Comparatively, for Release 1 the MR
that the section can develop is 12.1%. On the
other hand, for Release 2 the two-span beam
can now develop a much greater MR=61.2%.
This simple example clearly shéws that the
actual MR that the beam can develop is sig-
nificantly higher than what is allowed by ACI
318. Figureg6 (pager20) shows thefmoment
profiles for three cases: One curve shows the
profiles considering the elastic design'condition,
another corresponds to 7=0, and the thirdifep-
resents 7=0.035. It is notapparent from these
curves the salient differencesbetween a design
that considers 7=0 and the actual response of
the beam with 7=0.035.

continued on next page
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Figure 5: Cross Section Dimensions and

Capacity Analysis.

Span length = 20 feet

Steel bars required = 6-#5 (Grade 60)

Uniform dead load = 900 plf

Uniform Live Load = 1400 plf

Dead load factor = 1.2

Live load factor = 1.6

Ultimate factored load = 3,320 plf

MR per ACI (6-#5) = 15.7% for p,

Release 1: With r=0, MR = 12.1%

Release 2: With r=0.035, MR = 61.2%

Table 1: Design Parameters.
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